Abstract-Krasnoselskii's fixed-point theorem in a cone is used to discuss the existence of positive solutions to semipositone conjugate and (n, p) problems.
INTRODUCTION
This paper presents existence results for semipositone higher-order boundary value problems. In particular, we discuss the conjugate boundary value problem (-v-PY(n)(t) = Pf(t,Y(t)), o<t<1, y@)(O) = 0, o<i<p-1, y(i)(l) = 0, O<i<n-p-l, (1.1) where n 2 2, 1 5 p 5 n -1, and p > 0 are constants. We note that our nonlinearity f may take negative values. Problems of this type are referred to as semipositone problems in the literature and they arise naturally in chemical reactor theory [l] . Th e constant p is usually called the Thiele modulus, and in applications one is interested in showing the existence of positive solutions for p > 0 small (see [2] Typeset by &+S-T@ the reader to see that other types of boundary data could also be considered.
To illustrate this, we will also briefly discuss the (n,p) problem y'"'(t) + Pf(4 y(t)) = 0, o<t<1, y@)(O) = 0, O<i<n-2, y(P)(l) = 0, where n 1 2 and 1 5 p 5 n -1 is fixed. Existence in this paper will be established using Krasnoselskii's fixed-point theorem in a cone, which we state here for the convenience of the reader. hold. Then A has a fixed point in K n (02\s2,).
SEMIPOSITONE PROBLEMS
In this section, we first discuss the conjugate boundary value problem (-1)yp(t) = pLf(t,y(t)), 0 < t < 1,
where n 2 2, 1 5 p < n -1, and p > 0 are constants. Of physical interest is the existence of solutions which are positive on (0,l).
Before we prove our main result, we first recall two well-known results from the literature which will be used in our proof. The first lemma can be found in [3, 4] and the second in [lo, p. 181.
here IYIO = su~~elo,rl Iy(t)l.
LEMMA 2.2. The boundary value problem
has a solution w with w(t) I &P(l -ty--p, for t E [0, 11.
We now use Lemma 2.1, Lemma 2.2, and Krasnoselskii's fixed-point theorem to establish our main result. -
here E > 0 is any constant (choose and fix it) so that 1 -pM/Rn! 2 E (note E exists since PROOF. To show (2.1) has a nonnegative solution, we will look at the boundary value problem
where 4(t) = pMw(t) (w is as in Lemma 2.2) and
2, 5 0.
We will show, using Theorem 1.1, that there exists a solution y1 to (2.7) with yl(t) 2 d(t) for t E [0, l] (note 4(t) > 0 for t E (0,l)). If th' 1s is true, then u(t) = yl(t) -4(t) is a nonnegative solution (positive on (0,l)) of (2.1) since for t E (0,l) we have
As a result, we will concentrate our study on (2.7). Let E = (C[O, 11, 1 . lo) and (2.9)
K = {u E C[O, l] : u(t) > tp(l -t)n--P]~]o, for t E [
To see this, let y E K n dSlz so ]y]e = R and y(t) > tp(1 -t)+PR for t E [O,l] . Let E, a, and A be as in the statement of Theorem 2.3. For t E (0, l), we have from Lemmas 2.i and 2.2 that 2 Etp(l -t)n-plylo = ctp(l -t)"-pR.
As a result,
Now with c as in the statement of Theorem 2.3, we have
since for s E [a, 1 -e] we have from (2.10) that
This together with (2.6) yields Ay(a) 2 pg(eA,,R) /l-a(-l)n-pG(o; s) ds > R = 1~10. a Thus, lAylo 2 ]y]e, so (2.9) holds. Now Theorem 1.1 implies A has a fixed point y1 E K II (fi,\Rr),
i.e., T 5 ]yr]e 2 R and yl(t) > tp(1 -t)'++ for t E [0, I]. To finish the proof, we need to show yl(t) 2 4(t) for t E [0, I]. This is immediate since Lemma 2.2 with the fact that T > pM/n! implies for t E (0,l) that yl(t) 2 tp(l -t)n-Pr 2 Ttp(l -t)"-p = ,uMw(t) = 4(t). I EXAMPLE. Consider 
